A s is well known, the de Donder condition! gatl 1f3
=[(-g)!gaf3
]lf3=O forms a convenient technical tool for treating some mathematical problems of the theory of relativity. First of all, after using it one gets the leading term in the Einstein field equations in the form of a wave operator. 2 ,3 Secondly, the equation for harmonic coordinates x'" as functions of arbitrary ones In the Schwarzschild case, one easily gets harmonic coordinates by a shift of the standard Schwarzschildian r through m, rh = r-m, and subsequent transition from quasi-spherical to quasi-cartesian coordinates.
These coordinate conditions preserve 4-dimensional symmetry. It is sometimes useful to apply the EinsteinInfeld conditions (d. reference 4 and in particular reference 5), where this symmetry is broken:
Conditions (1.4) will be called super-harmonic coordinate conditions.
For w=! they coincide with these of de Donder. The value of w= 1 is also distinguished. Observe that the following equation holds identically:
+ (-g)!gl"(rv~pr I'P"-rvlr "p"). (1.5) Hence, by assuming (1.4) with w= 1, one kills all second derivatives in the density of the curvature scalar, i.e., in the Lagrange function of the theory of gravitation.
Moreover, as it is trivial to see, defining g*atI= (_g)l xgaf3 one gets Detl/g*af31/ = 1.
(1.6) Therefore, only nine out of the ten g*af3 can be regarded as independent; they may be understood to be connected with the "polarizational" degrees of freedom of the metric, so to speak. Then g= Detllrll must be (1.2) here comprehended as an independent quantity. It seems to be interesting to investigate the coordinate condition g*"'f3 If3 =O which does not affect directly this degree of freedom which corresponds to g.
After developing (-g)!gaf3 in a power series in A= c-1 as 'l/a P +'Yl",f3+'Y2 at1 +···, these conditions take (in terms of 'Y's) a more familiar form. In the older literature, the simple condition of It seems to be an interesting prob~em to study the question whether there exist some variational principles (1.3) which would lead to the coordinate conditions mentioned above.
Einstein 6 had also often been used. Some interest is also attached to the investigation of a class of coordinate conditions which are a simple generalization of these of de Donder
More generally, it would certainly be highly interesting to get some variational principle which would lead to "optimal" coordinates, which in some sense were as (1.4) close to cartesian coordinates as is possible, consistently with the curvature of the space-time. It seems that such a principle could be constructed in accordance with the idea that if the curvature is not too large, and the coordinates are close to cartesian, the world lines of light rays are almost "straight" (in the sense of a linear relationship between the coordinates of the ray). space-time on planes at infinity (which is important from the point of view of the physical interpretation, d. chapter V of reference 7) would be very easy to execute.
Unfortunately, we have not succeeded in constructing such a "physical" principle. We are able, however, to write some more formal variational principles which lead to the previously discussed formal coordinate conditions. This is discussed in Sec. 2 and, we hope, may prove useful in giving some hints for the problem of the construction of the "physical" principle discussed above.
In Sec. 3, in order to get some ideas of the significance of the "super-harmonic" coordinates, we study the condition (1.4) in the case of Schwarzschild's solution. It has been found, in this case, that the structure of the condition (1.4) distinguishes the values of w=O, t, f, 1,1. We also proved that, in the case of an arbitrary w, one can get the coordinate transformation leading from Schwarzschildian coordinates to the "superharmonic" ones in an explicit way; the mathematical problem is reduced to the study of some solutions of a hypergeometric equation. Strangely enough, for some w, there exist well defined regions of Schwarzschildian coordinates where the transition to super-harmonic coordinates is impossible; whereas in other regions, it still could be done.
VARIATIONAL PRINCIPLES
To every coordinate system {X"'} let there correspond a number W defined by the integral (2.1) (the integration runs over the whole range of the given coordinates), where' g~V are the components of the metric tensor in this coordinate system and L (g~v) always has the same from as a function of the t'v.
Thus W is, for a given world, a functional of the coordinate system {X"'}. We are looking for such a coordinate system in which this functional has a stationary value.
Let {x"'} be this coordinate system that we are looking for, and {x''''} an arbitrary one. Of course 
Now if our coordinates {x"'} are stationary, ~W must vanish for arbitrary ~xv, vanishing on the 3-dimensional boundary; from which we obtain the coordinate conditions
As an example, let us consider For such a functional, (2.4) takes the form (2.6) which, for any w~t, leads to (-g)t=const, and in particular reduces to Einstein's condition (_g)t= 1. Now, let us consider 10 functionals
which could be interpreted as sort of "averages" of the tensor densities (-g)wr with the weight w. The variations of these quantities with respect to small coordinate transformations are [see
Now, assuming that ~X'" vanishes on the boundary and integrating by parts, one gets
In particular, for w = t, one gets Therefore, one sees that the harmonic coordinates satisfying are precisely these for which all ten functionals
are stationary for small changes of coordinates. Inversely, it is trivial to see that, from conditions Cl( ( -g)l Xg"Il) = 0 for arbitrary Clx", de Donder conditions follow. Now, coming back to the general case of an arbitrary W, one sees that the super-harmonic coordinates, i.e., those satisfying are these for which all ten functionals « -g)wgaB) are stationary, if one restricts oneself to the volumepreserving coordinate variations [i.e., such that
Now let us look for variational principles for the Einstein-Infeld conditions (2.11)
The first condition (2.11) makes the functional «_g)l Xg ab ) stationary. Indeed, from (2.10) for a=/3=O it follows that
Cl«-g)lgO°)=-2 !d4X[(-g)lgOPJIPClxO. (2.12)
We now define six functionals
df (2.13) which could be interpreted as our "averages" « -g)ig ab ) for a fixed but arbitrary time xO. If we restrict ourselves to the coordinate transformations x'a_x"=Clx"(~) such that x'o=xO and Clxalo=O, we obviously have so assuming ClxG vanishing at spatial infinity and integrating by parts we get
from which it is seen that three of the Einstein-Infeld conditions [( _g)!gabJlb=O make the functionals (2.13) stationary in the class of variations ClxGlo=O, ClxO=O.
Thus we were able to show the existence of some variational principles connected with the most often used formal coordinate conditions. It is remarkable that, as we have seen, 4 formal coordinate conditions make many functionals simultaneously stationary.
SUPERHARMONIC COORDINATES AND SCHW ARZCHILD'S SOLUTION
Let us denote the super-harmonic coordinates by xa.
In this notation the condition (1.4) must be rewritten in the form (3.1)
After simple calculations, using the C. Neymann identities (see Appendix), one gets four equations for
In the case of de Donder (w=t) conditions, these equations reduce to linear ones; but, in the general case of arbitrary w, Eq. (3.2) are highly nonlinear. It is remarkable that the standard study of characteristic surfaces associated with these equations leads to the equation (3.3) where <p is the characteristic surface, Therefore, for W= 1, any surface is here characteristic. In order to say something more about the superharmonic coordinates, it seems advisable to study a solution of Einstein's equations in some concrete case. We shall concentrate on the case of Schwarzschild's solution. Assume therefore
2+sin~d#). (3.4)
We pass now to quasi-cartesian coordinates x" and then transform them x" -+ xa(~), . where xO=xO, Xk= [t(r)/r Jx k . For such a case, as may be easily checked, the four equations (3.2) reduce to one equation for the function t(r):
For certain values of w, this nonlinear equation can be simplified. For w=t we get, as we expected, a linear equation. For W= 1, the term with second derivative vanishes and we obtain a nonlinear equation of the first order, which can be easily solved. The value of w == 1 also seems to be distinguished, as for it the coefficient of the first derivative becomes simpler. In order to get the solution of (3.5) in the general case of arbitrary w, we shall try the form
(We assume here for the moment w~l, w~i; w=1 and w=i will be studied separately.) After inserting (3.6) into (3.5), we get for the function fer) the hypergeometric equation which, written in a standard form, is
2m' where the parameters a, fl, and 'Yare
This equation has three singular points r' = 0, 1, 00, and one can find the solution around any singularity. All these solutions can then be connected so that the solution may be obtained for all r. Here, however, we shall restrict ourselves only to the study of solutions about r= 00, i.e., for r> 2m. Two independent solutions of (3.7) about r' = are
The general solution of Eq. (3.5) is 2-8W). (3.10) This solution depends on one arbitrary constant C.
The second constant has been fixed by imposing on r the condition fer) lim-=1. where C I , C 2 , C 8 are arbitrary constants. The two latter solutions are especially interesting. As is immediately seen for C 2 =C 8 =0, they become, respectively,
For w=t, this result has been known for a long time.
Here, however, we see that one gets super-harmonic coordinates in the case w=! also simply by the shift of Schwarzschildian r. [It may be shown that these two cases are the only ones for which such a shift is a solution of (3.5).J The shift is here through 2m and if we write Schwarzschild's line element (3.4) in these superharmonic coordinates we get
so in these coordinates we would cut out the Schwarzschild singularity. Now we have to discuss two remaining solutions of (3.5), namely those for w=i and W= 1. The first one (3.17) is real for 2m<r< (9/4)m (for r<2m it is purely imaginary); the second one (3.18) is real for r< (9/4)m. In the whole remaining region, i.e., for r> (9/4)m, both solutions are complex and cannot be made real; so for r> (9/4)m, the transition to super-harmonic coordinates with W= 1 is impossible.
ACKNOWLEDGMENTS
We wish to thank Professor L. Infeld and Professor P. Havas for their kind interest in this work, and J. Stachel and B. Mielnik for stimulating discussions. 'B a(x') axA =0; (AA) these are the C. N eymann identities which could be checked by direct computation.
